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Abstrat
The Chapman-Enskog method of solution of the relativisti Boltzmann equation is generalized
in order to admit a time-derivative term assoiated to a thermodynami fore in its rst order
solution. Both existene and uniqueness of suh a solution are proved based on the standard
theory of integral equations. The mathematial impliations of the generalization here introdued
are thoroughly disussed regarding the nature of heat as haoti energy transfer in the ontext of
relativity theory.
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I. INTRODUCTION
The standard treatment of the Boltzmann equation (BE) provides mirosopi support
to the transport equations ommonly used in siene and engineering problems [1℄[2℄. It
is well known that whereas the loal equilibrium solution to the homogeneous BE leads to
the Euler equations of hydrodynamis, its rst order orretion in the Knudsen parameter
yields the Navier-Stokes-Fourier transport equations of uid mehanis for a dilute gas. In
the standard non-relativisti method of establishing the rst order orretion to the loal
equilibrium funtion, all partial time derivatives are replaed with spatial gradients using
the Euler equations. Both existene and uniqueness of the solutions built in this sheme
have been shown using the theory of integral equations [3℄.
On the other hand, in relativity theory time is simply a new oordinate ct = x4. Aording
to this fat, the diret appliation of the onventional method used to obtain the rst order
orretion to the loal equilibrium funtion is shown here to lead to a rst order orretion to
the distribution funtion in terms of both spatial and time derivatives of the loal variables
namely, the generalized four-omponent thermodynami fores. This is done following the
tenets of relativisti linear irreversible thermodynamis as shown in Ref. [4℄. We wish
to emphasize that in this work the Meixner version of non-equilibrium thermodynamis is
developed. However, in most standard works on relativisti kineti theory [5, 6, 7, 8℄ these
ideas are ignored. The onsequene of the absene of time omponents in the struture of
the thermodynami fores is on the one hand, the obtention of transport equations whih
apparently violate ausality, and on the other hand the tensorial struture of the heat ux in
relativity, whih is still a subjet of debate [9℄. The main motivation of this work is preisely
to ritially analyze these ne points.
The mathematial proedure here used to show that the solution obtained, onsidering
four omponent thermodynami fores, exists and is unique is based on the standard theory
of integral equations. One requires orthogonality between the inhomogeneous part of the
equation and the ollisional invariants. This relation implies the validity of Euler equations.
Nevertheless the use of these equations is not required for the onstrution of the solution
to rst order in the gradients. These results have strong impliations on the struture of
the four omponent heat ux as will be disussed in this work. Finally, the usual subsidiary
onditions are invoked in order to adjust integration onstants. This has, as will be disussed
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in this work, strong impliations on the struture of the heat ux tensor.
The paper is divided as follows. In Setion 2 the relativisti BE and some elements of
the Chapman-Enskog method of solution are briey reviewed. The general form of the rst
order in the gradients solution to the relativisti BE is proposed in Setion 3 and both its
existene and uniqueness are proved in Setion 4. Finally, Setion 5 inludes a disussion of
the impliations of the results and some onluding remarks.
II. THE CHAPMAN-ENSKOG EXPANSION
The starting point of the generalized formalism is the speial relativisti Boltzmann
equation for a simple system in the absene of external fores [5, 6℄:
vαf,α = J (f, f
′) , (1)
whih desribes the evolution of the single partile distribution funtion f =
f(xν , vν|n(xν , t), u(xν , t), ε(xν , t)) namely, the moleular number density in phase spae.
In Eq. (1)
f,α =

 ∂f∂xk
1
c
∂f
∂t

 , (2)
and the index α, as well as all greek indies in the rest of this work, runs from 1 to 4 while
the latin ones run up to 3. The loal variables, number density n, hydrodynami veloity
uk and internal energy ε per unit of mass are dened in terms of f as follows
n =
∫
fγdv∗ , (3)
nuk =
∫
fγvkdv∗ , (4)
nε = mc
∫
fγv4dv∗ . (5)
Here vµ is the moleular veloity four-vetor whih we denote in terms of the three veloity
~w as
vα =

 γ ~w
γc

 , (6)
where γ = (1− w2/c2)
−1/2
is the usual relativisti fator. Also, the dierential veloity
element an be written as [7℄
3
dv∗ = γ5
cd3w
v4
= 4πc3
√
γ2 − 1dγ , (7)
and, as usual, c is the speed of light. Equation (1) implies that hanges in the distribution
funtion are due to ollisions, represented on the right side of Boltzmann's equation through
the so alled ollision kernel J (f, f ′) whih is given by
J (f, f ′) =
∫ ∫
(f ′ f ′1 − f f1) σ (Ω) gdΩdv
∗
1 . (8)
In Eq. (8) primes denote quantities after a binary ollision between partiles with veloity
v and v1 takes plae; σ (Ω) dΩ is the dierential ross setion element and g is the relative
veloity.
To solve Eq. (1) following what is now known in the literature as the Chapman-Enskog
method [1℄, originally due to Hilbert, the distribution funtion is expanded in a power series
of the Knudsen's parameter ǫ around the loal equilibrium distribution funtion f (0)
f = f (0)
(
1 + ǫφ(1) + ǫ2φ(2) + · · ·
)
. (9)
The expansion parameter ǫ is a measure of the relative magnitude of the gradients of the
loal variables within a mean free path and the harateristi size of the system. The loal
equilibrium distribution funtion, solution to the homogeneous relativisti BE J (f, f ′) = 0,
is the well known Jüttner funtion. For partiles of rest mass m, relativisti parameter
z = kT
mc2
and in the non-degenerate ase [5, 6℄:
f (0) =
n
4πc3zK2
(
1
z
)e− γz . (10)
As usual, k is the Boltzmann onstant, n and T are the loal density and temperature,
respetively, and K2 represents the modied Bessel funtion of the seond kind.
Substitution of Eq. (9) in Eq. (1) and onsidering only linear deviations in ǫ from loal
equilibrium yields
vαf (0),α = J
(
f (0) (1 + ǫφ) , f ′(0) (1 + ǫφ′)
)
, (11)
where ǫφ(1) ≡ φ and f (0), as pointed above, is the solution to the homogeneous equation
namely,
J
(
f (0), f (0)
)
= 0 ,
or
f (0)f ′(0) = f (0)f
(0)
1 . (12)
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Introduing the relation given by Eq. (12) in the right hand side of Eq. (11) leads to
J (f, f ′) = f (0)
∫ ∫
[φ′1 + φ
′ − φ1 − φ] f
(0)
1 σ (Ω) gdΩdv
∗
1 . (13)
Thus, this proedure yields a linear inhomogeneous integral equation for φ, namely
vαf (0),α = f
(0)
C (φ) , (14)
where
C (φ) =
∫ ∫
{φ′1 + φ
′ − φ1 − φ} f
(0)
1 σ (Ω) gdΩdv
∗
1 , (15)
is the linearized Boltzmann ollision kernel. The following setion is devoted to the obtention
of the solution to Eq. (14).
III. SOLUTION TO FIRST ORDER IN THE GRADIENTS
Following the theory of integral equations as presented in Ref. [3℄, the general solution to
Eq. (14) may be written as the sum of a solution to the inhomogeneous equation φP and
an arbitrary linear ombination of the solutions of the homogeneous equation φH:
φ = φH + φP . (16)
The homogeneous equation has ve solutions, the ollisional invariants namely,
C

 mvµ
mγv4

 = 0 . (17)
Notie that, for µ = 4 Eq. (17) orresponds to the partile number onservation.
A solution given by Eq. (16) exists if these invariants in φH are orthogonal to the left hand
side of Eq. (14) namely ∫  mvµ
mγv4

 vαf (0),α dv∗ = 0 . (18)
The relations in Eq. (18) orrespond preisely to the relativisti Euler equations and thus
the orthogonality onditions are satised. However we reall that there is an innite number
of solutions sine φH is an arbitrary linear ombination of ollisional invariants. The uniity
is ahieved when the arbitrary onstants are determined with the use of the subsidiary
onditions as we shall argue below.
In order to nd a partiular solution to the inhomogeneous equation, we start by alu-
lating the left hand side of Eq. (14). In the omoving frame and assuming that no external
fores are present
5
vαf (0),α = v
α
(
∂f (0)
∂n
n,α +
∂f (0)
∂T
T,α
)
. (19)
Sine α = 1, 2, 3, 4 eah gradient on the right side of Eq. (19) has four omponents. It is
preisely at this point where our formalism deviates from the standard one [1, 5, 6℄. In on-
ventional relativisti treatments, one separates time and spae derivatives using a projetion
operator and introdues Euler's equations in order to eliminate the time derivatives of the
loal variables. However, speial relativity is a four dimensional formalism in whih time
orresponds to a oordinate. Beause of this feature we here propose that the four-gradients
are to be onsidered with the same status as the generalized thermodynami fores [10℄.
This is why we do not resort to the Euler equations to eliminate time derivatives. Also,
in most standard relativisti treatments, the temperature gradient is written in terms of
the pressure gradient in order to introdue, through the momentum balane equation, an
aeleration term so that an Ekart-type onstitutive equation is sustained [5℄. However, in
the Meixner-type sheme here onsidered, suh a substitution needs not to be arried out
sine the thermodynami fores are T,ν and n,ν exlusively.
In order to proeed, we rst notie that sine the alulations will be performed in the
omoving frame,
∂uα
∂t
= 0 and p,k = 0. Thus, using the equation of state for an ideal gas one
an write for the spae omponents of the gradients that
n,k
n
= −
T,k
T
. (20)
For the time omponent of the density gradient, in the omoving frame, one has
n,4 = 0 , (21)
sine the ontinuity equation is satised to any order in ǫ. Introduing Eqs. (20) and (21)
in Eq. (19) and alulating expliitly the derivatives of the Jüttner funtion, the integral
equation for φP an be written as
vkT,k
zT
f (0)
[
γ − G
(
1
z
)]
+
v4T,4
T
f (0)
[
1
z
(
γ − G
(
1
z
))
+ 1
]
= f (0)C (φP ) , (22)
where G
(
1
z
)
= K3
(
1
z
)
/K2
(
1
z
)
.
Sine the thermodynami fores present on the left hand side of Eq. (22) are independent,
we seek a solution as a linear ombination of suh fores:
φP = A
ν T,ν
T
, (23)
whih is a diret generalization of the struture proposed in the non-relativisti ase. The
oeients Aν, whih are in general funtions of vα, n and T , are solutions to
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vk
z
[
γ − G
(
1
z
)]
= C
(
Ak
)
, (24)
for the rst three omponents and,
v4f (0)
[
1
z
(
γ − G
(
1
z
))
+ 1
]
= f (0)C
(
A4
)
, (25)
for the fourth omponent. It now remains to show that one may obtain a unique solution
to Eq. (14) by using the subsidiary onditions. This task will be performed in the following
setion.
IV. SUBSIDIARY CONDITIONS AND UNIQUENESS OF THE SOLUTION
Aording to the previous disussion, the general solution to the relativisti BE, Eq. (1),
to rst order in the Knudsen parameter, has the general form
φ = Aν
T,ν
T
+ α + α˜νv
ν , (26)
where the rst term orresponds to the partiular solution, Eq. (23), while the remain-
ing ones, as mentioned above, are an arbitrary linear ombination of the solutions to the
homogeneous equation, namely the ollisional invariants.
The omponents of Aν are given by the solution to Eqs. (24) and (25). However, in order
to uniquely determine the omplete solution φ, the onstants α and α˜µ must be determined.
This is usually ahieved by arbitrarily assuming that the loal marosopi variables are
determined only from the loal equilibrium state. That is,∫
φf (0)

 mvµ
mγv4

 dv∗ = 0 , (27)
whih are the so-alled subsidiary onditions [1, 2℄. Sine spatial and temporal terms in φP
have opposite parities (in v), it is onvenient at this point to expliitly separate suh terms
by proposing that
Aν =

 a′ (γ) vk
a′′ (γ) v4

 . (28)
Thus, Eq. (27) an be written as∫ (
a′ (γ) vkT,k + a
′′ (γ) v4T,4 + α + α˜νv
ν
)
ψf (0)dv∗ = 0 , (29)
where ψ are the ollisional invariants vµ and γv4. For ψ = v4, the odd parity in a′ (γ) vkT,k
and α˜kv
k
yields zero values for the respetive integrals and thus
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∫ (
a′′ (γ) v4T,4 + α + α˜4v
4
)
γf (0)dv∗ = 0 . (30)
In a similar way, for ψ = vℓ the only non-vanishing terms due to parity are a′ (γ) vkT,k and
α˜kv
k
, whene ∫ (
a′ (γ) vkT,k + α˜kv
k
)
vℓf (0)dv∗ = 0 , (31)
whih is non-zero only for ℓ = k. In this ase∫ (
a′ (γ) vkT,k + α˜kv
k
)
vℓf (0)dv∗ =
1
3
∫
(a′ (γ)T,k + α˜k) γ
2w2f (0)dv∗ (32)
Thus, the three subsidiary onditions for ψ = vℓ may be written as∫
(a′ (γ) T,k + α˜k) γ
2w2f (0)dv∗ = 0 . (33)
while the subsidiary ondition orresponding to the fth ollisional invariant, ψ = γv4, is∫ (
a′′ (γ) v4T,4 + α + α˜4v
4
)
γv4f (0)dv∗ = 0 . (34)
From Eq. (33), it is straightforward to obtain the relation
α˜k = −T,k
∫
a′ (γ) γ2w2f (0)dv∗∫
γ2w2f (0)dv∗
, (35)
whih implies α˜k ∝ T,k. Thus, one an redene the oeients appearing in Eq. (29) as
follows
a′ (γ) vkT,k + α˜kv
k −→ a′ (γ) vkT,k , (36)
This implies that the subsidiary ondition given in Eq. (31) now reads∫
a′ (γ) γ2w2f (0)dv∗ = 0 . (37)
On the other hand, from Eqs. (30) and (34) an inhomogeneous system of equations for α
and α˜4 is obtained:
g11α + g12α˜4 = s1T,4 , (38)
g21α + g22α˜4 = s2T,4 , (39)
where the oeients are
g11 =
∫
γf (0)dv∗ g12 = g21 =
∫
γ2cf (0)dv∗ g22 =
∫
c2γ3f (0)dv∗ , (40)
and the oeients in the inhomogeneous terms are given by
s1 = −
∫
a′′ (γ) γ2cf (0)dv∗ s2 = −
∫
a′′ (γ) c2γ3f (0)dv∗ , (41)
The solution to this system of equations is
α = T,4
s1g22 − s2g12
g11g22 − g12g21
, (42)
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α˜4 = T,4
s2g11 − s1g21
g11g22 − g12g21
. (43)
Sine, from Eqs. (42) and (43), both α and α˜4 are proportional to T,4 one an redene
a′′ (γ) v4T,4 + α + α˜4v
4 −→ a′′ (γ) v4T,4 , (44)
and therefore the two orresponding subsidiary onditions are now given by∫
a′′ (γ) γ2f (0)dv∗ = 0 , (45)
∫
a′′ (γ) γ3f (0)dv∗ = 0 , (46)
Putting these results together, the unique solution to the relativisti BE to rst order in
the gradients aording to the Chapman-Enskog expansion has the general struture
f = f (0)
(
1 +Aν
T,ν
T
)
, (47)
where Aν is dened in Eq. (28) and the oeients a′ (γ) and a′′ (γ) are given by the solution
of the integral equations
vk
z
f (0)
(
γ − G
(
1
z
))
= C
(
a′ (γ) vk
)
, (48)
v4f (0)
[
1
z
(
γ − G
(
1
z
))
+ 1
]
= C
(
a′′ (γ) v4
)
, (49)
subjet to the subsidiary onditions given in Eqs. (37), (45), and (46).
Notie that, in the non-relativisti ase as well as in the relativisti treatments given in the
literature [5, 6℄, the absene of a fourth omponent of Aν leads to a homogeneous system
instead of Eqs. (38) and (39) and is thus responsible for the appearane of the trivial
solutions α = α˜4 = 0. The onsequenes of this substantial dierene are disussed in the
next setion.
V. DISCUSSION AND CONCLUDING REMARKS
By onsidering the four-dimensional gradients of loal variables as thermodynami fores
within the Chapman-Enskog method of solution to the BE, a generalized rst orretion to
the equilibrium distribution funtion has been found in the ontext of Meixner's relativisti
irreversible thermodynamis. In the omoving frame, this proedure leads to a rst order
in ǫ solution with the general struture given by Eqs. (47) and (28). The proportionality
oeients, funtions of the loal variables and γ, an be obtained by an appropriate deom-
position in orthogonal funtions whih simplies the integral equations (48) and (49). Thus,
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the solution here obtained is suitable for the alulation of relativisti transport oeients
onsistent with the phenomenologial formalism proposed in Ref. [4℄. Suh a proedure is
beyond the sope of this work and will be addressed elsewhere.
However one important point should be disussed here, namely the denition of heat
ux in the ontext of relativity. We reall that in the non-relativisti theory this quantity
is related to the transport of haoti kineti energy in agreement with the interpretation
proposed by Clausius in 1857 [11℄. The question here is: an this denition be extended
within a relativisti framework? This, in priniple, may be ahieved by resorting to the
relativisti version of the Maxwell-Enskog transport equation. Its expliit form was derived
seven years ago [12℄ by two of us. This equation, in the notation here introdued reads
(
n
〈
ψ
vα
γ
〉)
;α
= 0 (50)
where ψ = mvµ, mγv4 is a ollisional invariant and the braket represents the statistial
average dened, for any funtion g (γ), as
〈g〉 =
1
n
∫
fgγdv∗ (51)
For g = mv4 the heat transport equation is obtained. In partiular, the heat ux will be
given by
Jν[Q] = mc
2
∫
vνfγdv∗
This is a rather striking result beause the fourth omponent of this vetor turns out to
be preisely the energy density as dened in Eq. (5). This implies that, beause of the
subsidiary onditions, suh omponent will be identially equal to zero for any perturbation
φ(n) with n ≥ 1. Thus we reover the usual form whih redues to the equation obtained by
other authors resorting to the use of a spatial projetor [5, 6, 8, 13℄.
Indeed to larify this statement, we reall that Ekart proposed the following stress-energy
tensor [8℄ for a simple, non-visous uid
Tµν =
nε
c2
uµuν + phµν +
1
c2
uµJ[Q]ν +
1
c2
uνJ[Q]µ (52)
where hµν = gµν − uµuν/c
2
is the projetor introdued by Ekart in order to eliminate
dissipation in the time-axis. This work thus provides further support for this assumption.
However, Tµν as in Eq. (52) is in priniple oupled to the Einstein tensor Gµν by means of
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the eld equation:
Gµν = KTµν (53)
where K is the oupling onstant. The point here is how heat would aet the gravitational
eld if it is plaed in the stress energy tensor. Indeed, heat is identied with moleular motion
and its apability of transforming itself to mehanial energy by any proess is restrited.
On the other hand, the introdution of J[Q]ν in Eq. (53) seems to allow a transformation of
heat to work, via the gravitational eld, with unitary eieny. To the authors' knowledge,
diret attempts to obtain solutions to the system (53) in the presene of heat and to analyze
the dynamial onsequenes of the solutions are pratially absent in the literature.
An alternative way of introduing heat in relativisti irreversible thermodynamis onsists
in a generalization of Meixner's approah [4℄. In it, heat is not inluded in the stress
energy tensor but introdued diretly in the total energy ux. The onstrution of the
entropy prodution, onsistent with Clausius' idea of unompensated heat, and onsequent
enforement of the seond law of thermodynamis in this ontext leads to the proposal of
the onstitutive equation
Jµ[Q] = −κT
,µ
(54)
where κ is the thermal ondutivity. Equation (54) oinides with the onstitutive equation
in Ekart's formalism in the omoving frame where the aeleration term vanishes.
It is important to emphasize at this point that for the purpose of this disussion, the
key dierene between both formalism is the role of the heat ux. On the one hand it is
inluded in the stress energy tensor in Ekart's formalism, as pointed out above. On the
other hand, it is oneived only as energy in transit in the Meixner-like formalism and is
introdued separately in the total energy ux. Clearly the latter oneption does not predit
any eets on the geometry of spae-time due to heat sine Jµ[Q] is not inluded in T
µ
ν and
thus the Einstein eld equation remains unhanged. An experiment that ould larify this
dierene has already been suggested in Ref. [9℄.
On the other hand, the validity of Eq. (54) should be sustained by solving the relativisti
Boltzmann equation. The alulations performed in the previous setions show that this is
not the ase. Indeed, the heat ux has no fourth omponent whih is in agreement with
other theories but for entirely dierent reasons.
We believe that this poses a rather intriguing question. Is it possible or not to think
11
of heat as a haoti moleular motion in a relativisti framework? The orret answer to
this question is ruial when onsidering both the struture of transport equations and the
onsisteny of any relativisti kineti theory with the seond law of thermodynamis [4℄.
These questions merit further study.
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